Stress analysis is carried out in a graded orthotropic layer containing a screw dislocation undergoing time-harmonic deformation. Energy dissipation in the layer is modeled by viscous damping. The stress fields are Cauchy singular at the location of dislocation. The dislocation solution is utilized to derive integral equations for multiple interacting cracks with any location and orientation in the layer. These equations are solved numerically thereby obtaining the dislocation density function on the crack surfaces and stress intensity factors of cracks. The dependencies of stress intensity factors of cracks on the excitation frequency of applied traction and material properties of the layer are investigated. The analysis allows the determination of natural frequencies of a cracked layer. Furthermore, the interactions of two cracks having various configurations are studied.
Introduction
Functionally graded materials (FGMs) may be tailored to withstand high temperatures, harsh environments and severe stress levels, simultaneously. The widespread application of FGM for manufacturing mechanical components and also as thermal/wear resistant coating, for instance, in aerospace and automotive industries, makes thorough understanding of their behavior under various types of loads, such as periodic one of importance. In the area of fracture mechanics, a large number of articles deal with the stress analysis in media with FG constituents containing cracks. A brief review of investigations concerned with the dynamic anti-plane deformation of such structures is carried out here. Ma et al. [1] , considered two collinear identical cracks in an isotropic FGM layer sandwiched between two isotropic dissimilar half-planes. The cracks were under constant anti-plane time-harmonic traction. A medium with the above composition, wherein defects were two interfacial coaxial cracks with different lengths, was analyzed by Ma et al. [2] . In another article Ma et al. [3] examined the problem of an orthotropic graded plane containing a crack in a direction of principal material orthotropy. In all the above cited studies, integral transforms and Schmidt's method were adopted to determine stress intensity factor at a crack tip. An isotropic half-plane reinforced by a FGM layer and weakened by an arbitrarily oriented crack under impact anti-plane traction was solved by Choi [4] . A meshless local boundary integral equation formulation for dynamic analysis of cracks in FGMs under anti-plane deformation was developed by Sladek et al. [5] . FGM coatings, due to the processing techniques used in their manufacturing, are usually orthotropic Dag et al. [6] . The static and dynamic anti-plane problems of an isotropic layer reinforced by an orthotropic FGM coating with periodic array of parallel cracks perpendicular to the interface was solved by Chen [7] . An orthotropic FGM layer with an edge or embedded crack perpendicular to the boundary under impact anti-plane traction was the subject of study by Chen and Liu [8] . In the above mentioned impact problems, Fourier and Laplace transforms were employed to obtain stress intensity factor at the crack tips. In the present article, the solution of a screw dislocation with time-harmonic excitation is derived in an orthotropic graded layer. In practice, energy dissipation occurs in the course of dynamic deformation of structures. Several investigators, in the analysis of structures composed of FGMs in the absence of defects, modeled this phenomenon by a viscous damping see e.g., Elishakoff et al. [9] and Kapuria et al. [10] . However, the structural damping was not taken into account in the previous studies of dynamic crack problems. To amend the shortcoming viscous damping is included to model energy dissipation under time-harmonic deformation of the layer. Two solutions in integral and series forms are obtained for stress components exhibiting Cauchy type singularity at the location of dislocation. The dislocation solution and Buckner's principle are employed to derive integral equations for dislocation density function in a graded strip weakened by multiple cracks. These equations are then solved numerically and the results are employed to determine stress intensity factor at the crack tips. The result of the study may be readily used to obtain Fourier series solutions for a cracked layer subjected to any distribution of self-equilibrating anti-plane periodic loads. Moreover, the solution encompasses those of cracked infinite-and half-plane regions under the aforementioned situation.
Orthotropic FGM strip with screw dislocation
A layer with thickness h made up of an orthotropic FGM, wherein material properties vary continuously in the thickness direction, is under consideration, Fig. 1 . Moreover, x and y axes are taken as directions of principal material orthotropy. A Volterra-type screw dislocation with the line of dislocation coinciding with the y-axis is located at distance h 1 from the x-axis, Fig. 1 . The displacement components in anti-plane deformation are
Utilizing strain-deformation relationships in linear elasticity, the non-zero strain components become 
For the layer depicted in Fig. 1 
By virtue of the anti-symmetry of the problem with respect to the y-axis, Eq. (8) should be solved in the semi-infinite layer x > 0 subject to the following boundary and limiting conditions r yz ðx; 0Þ ¼ 0; r yz ðx; hÞ ¼ 0;
To solve Eq. (8) with conditions (9), it is convenient to divide the layer into two regions 0 < y < h 1 and h 1 < y < h. The continuity conditions necessary in the two regions are
In the fracture mechanics community, it is a common practice, for the sake of mathematical convenience among other things, to assume that material properties of a graded layer vary exponentially with identical rates in the thickness direction, see e.g., Delale and Erdogan [11] in static and Ma et al. [12] in dynamic fracture problems. Therefore, we take ½l x ðyÞ; l y ðyÞ; qðyÞ; gðyÞ ¼ ½l 0x ; l 0y ; q 0 ; g 0 e
It is worth mentioning that under harmonic deformation, moduli of elasticity and damping property of materials alter with excitation frequency, Pritz [13] . Consequently, l 0x , l 0y and g 0 may be considered as functions of the frequency x. Nonetheless, the dependency has no bearing upon the ensuing solution procedure. Eq. (8) in view of Eq. (11) becomes
and C y ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi l 0y =q 0 q is the shear wave velocity in the y-direction. The solution to Eq. (12) in the two regions 0 < y < h 1 and h 1 < y < h is achieved by means of the Fourier sine transform to eliminate the x variable yielding an ordinary differential equation with constant coefficients. Indeed, in a layer with arbitrary gradation of material in the thickness direction i.e., material properties do not vary with the same exponent in the y-direction, Fourier transform of Eq. (8) 
½b cos hðbyÞ þ j sin hðbyÞ sin hðbðh À h 1 ÞÞ sin hðbhÞ dk; 0 < y 6 h 1 ;
½b cos hðbðy À hÞÞ þ j sin hðbðy À hÞÞ sin hðbh 1 Þ sin hðbhÞ dk
In Eq. (14), sgn(x) designates the sign function and
From Eq. (14), it is clear that the second and fourth conditions (6) are readily satisfied. Employing Eqs. (3) and (14), the stress components are obtained as
sin hðbðh À h 1 ÞÞ sin hðbyÞ sin hðbhÞ sinðkxÞdk; 0 < y 6 h 1 ;
The stress fields (16) are singular at the location of dislocation. To examine the singular behavior asymptotic analysis of integrals as k ! 1, is carried out leading to the following expressions for stress components
All integrals in Eq. (17) decay reasonably fast as k ! 1. Consequently, integrals are regular and stress fields exhibit the familiar Cauchy type singularity at dislocation location. The integrals in Eq. (16) are also evaluated by means of contour integration and the residue theorem. The integrands are even functions of variable k and have simple poles at b n ¼ AEnpi=h; n 2 f1; 2; . . .g. Moreover, the integrands for stress component r zx have additional singularity at k ¼ AEk T = ffiffiffiffi f l p . Choosing the proper contours of integration, the final results are r xz ðx; yÞ ¼
It is easy to show that stress fields, except for points on the y-axis, decay exponentially as n ? 1. Moreover, in materials with a larger damping coefficient, g 0 , the rate of decay of stress components is much faster at a point not situated on the dislocation line.
Layer under anti-plane point-force
Let the layer, in the absence of defects, be subjected to a pair of self-equilibrating time-harmonic concentrated loads of magnitude p represented bŷ 
n ðnp=hÞ cosðnpy=hÞ þ j sinðnpy=hÞ
n ðnp=hÞ sinðnpy=hÞ À j cosðnpy=hÞ
where k n is defined in Eq. (19). The series in Eq. (24) converge everywhere except at the points of application of loads implying the singularity of stress components at these points.
Crack formulation
The dislocation solutions accomplished in the preceding section are capable of handling a strip containing multiple cracks. The distributed dislocation technique is an efficient means to carry out the task, see for instance Faal et al. [14] . Let the layer be weakened by screw dislocations with complex density B z distributed on a line with unit length situated at a point with coordinates (g, f). The stress components at a point with coordinates (x, y) due to the distribution of dislocations from the two different solutions may be obtained by making the conversions x ? x À g, h 1 ? f and b z ? B z in Eqs. (17) and (18), leading to, respectively, Eqs. (A 1 ) and (A 2 ) in Appendix. Let the strip be weakened by N cracks described in parametric form as x k ¼ a k ðsÞ; y k ¼ b k ðsÞ; k 2 f1; 2; . . . ; Ng; À1 6 s 6 1:
The moveable orthogonal coordinate system n, t is chosen such that the origin may move on the crack while t-axis remains tangent to the crack surface. The anti-plane traction on the surface of kth crack in terms of stress components in the Cartesian coordinates x, y becomes r nz ðx k ; y k Þ ¼ r yz cosðh k Þ À r xz sinðh k Þ; k 2 f1; 2; . . . ; Ng;
is the angle between x-and t-axes and prime denotes differentiation with respect to the argument. A crack is constructed by continuous distribution of dislocations. Therefore the anti-plane traction on the surface of kth crack due to the presence of above-mentioned distribution of dislocations on all N cracks yields r nz ða k ðsÞ; b k ðsÞÞ ¼ 
The displacement field is single-valued out of crack surfaces. Thus, dislocation density for an embedded crack is subjected to the following closure requirement
where j is the crack number. To obtain the dislocation density for embedded cracks, the integral equations (27) and (29) are to be solved simultaneously whereas for edge cracks Eq. (29) is not applicable. For a layer weakened by both cracks the numerical procedure devised in Faal et al. [14] is adopted. The stress fields exhibit square-root singularity at an embedded crack tip. Therefore, the dislocation density for embedded cracks is taken as For an edge crack with embedded tip at t = À1, the dislocation density is B kj ðtÞ ¼ g kj ðtÞ ffiffiffiffiffiffiffiffiffiffiffi 1 þ t p ; À1 6 t 6 1; k 2 f1; 2g:
The stress intensity factors (SIFs) for jth embedded crack in terms of crack opening displacement is (Erdogan [15] ) 
The solution for g kj is plugged into Eq. (34) thereby obtaining the complex stress intensity factors. For an edge crack with embedded crack tip at t = À1 a similar procedure leads to In what follows, the damping coefficient of medium g 0 = q 0 C y /100h, and the frequency of point load is taken as x = 0.008C y /h. In the second example, isotropic and orthotropic FGM layers weakened by central and inclined cracks are considered. The nondimensionalized SIFs verses angle h are depicted in Figs. 4 and 5. The variations of SIFs at crack tips L 1 and R 1 , which are due to the interaction with inclined crack, are not significant. Moreover, a central crack in an orthotropic layer with stiffer material property in the y-direction experiences higher SIF than in the isotropic layer. The SIF at crack tips L 2 and R 2 at angle h = p/2 is minimal because traction vanishes on the crack surface and only the interaction with the central crack exists. The severe variation of SIF of the inclined crack is attributed to the changes of traction on the crack surface and material properties at the crack tips. The third example deals with the interaction of kinked and straight central cracks in isotropic and orthotropic FGM layers. The influence of kink-angle h on stress intensity factors for isotropic and orthotropic graded strips is illustrated in Figs. 6 and 7 , respectively. The interaction of cracks for h = p/2 and h = 3p/2 is weak and enhances as the distance between R 1 and L 2 diminishes. At h = p, the local extremum of SIF at all cracks tips occur and as it was expected, ðk III Þ L 1 ¼ ðk III Þ R 2 ; ðk III Þ R 1 ¼ ðk III Þ L 2 . In addition, the range of variation of SIF at crack tip L 2 in orthotropic layer is higher than that in isotropic one. In the last example, the interaction of an edge crack and a crack parallel with the center-line of a strip is examined, Figs. 8 and 9 . As the distance between R 1 and L 2 reduces ðk III Þ L 2 increases, at a=h P 0:2 the distance is minimal. In the isotropic layer, for a/h > 0.6 interaction of cracks vanishes. Therefore, ðk III Þ L 2 remains constant, ðk III Þ L 1 ¼ ðk III Þ R 1 and the variation of ðk III Þ L 1 illustrates the effect of material gradation on SIF, i.e., SIF of a crack reduces in regions with softer material properties. In an orthotropic FGM layer, the increasing of distance, a, attenuates the interaction between R 1 and L 2 . Nonetheless, the interaction is more pronounced than in an isotropic layer.
Conclusion
The distributed dislocation technique is employed to construct integral equations for an orthotropic FGM strip with viscous damping under time-harmonic anti-plane excitation. The formulation allows analysis of multiple cracks with general orientation and configuration. It was observed that the behavior of SIF in isotropic and orthotropic FGMs with changing excitation frequency is the same. At some distinct values of excitation frequency, the so called natural modes of vibration of the cracked layer, the maximum values of SIF occur and the change of damping coefficient of the medium only alters these values. Furthermore, the range of variation of SIF by changing the orientation of a straight crack or the kink-angle for orthotropic FGMs is larger than that of isotropic FGMs. 
